Abstract. We have performed electronic-structure and lattice-dynamics calculations on the AB and AA structures of bilayer graphene. We study the effect of external electric fields and compare results obtained with different levels of theory to existing theoretical and experimental results. Application of an external field to the AB bilayer alters the electronic spectrum, with the bands changing under bias from a parabolic to a "Mexican hat" structure. This results in a semi-metal-to-semiconductor phase transition, with the size of the induced electronic band-gap being tuneable through the field strength. A reduction of continuous symmetry from a hexagonal to a triangular lattice is also evidenced through in-plane electronic charge inhomogeneities between the sublattices. When spin-orbit coupling is turned on for the AB system, we find that the bulk gap decreases, gradually increasing for larger intensities of the bias. Under large bias the energy dispersion recovers the Mexican hat structure, since the energy interaction between the layers balances the coupling interaction. We find that external bias perturbs the harmonic phonon spectra and leads to anomalous behaviour of the out-of-plane flexural ZA and layer-breathing ZO' modes. For the AA system, the electronic and phonon dispersions both remain stable under bias, but the phonon spectrum exhibits zone-center imaginary modes due to layer-sliding dynamical instabilities.
Introduction
Among the numerous derivatives of the monolayer graphene (MLG) system, special interest has been given to the multi-layer allotropes [1] , in particular Bernal bilayer graphene with AB stacking (AB-BLG) [2] . Like ML graphene, BL graphene also displays unconventional properties [3] that are relevant to technological developments including tunnelling field-effect transistors [4] , high-rate lithium-sulphur batteries [5, 6] , nanophotonics [7] , sensor modelling [8] , among others. These properties originate from the weak coupling between layers, which allows for the properties of the base ML graphene material to be retained. Despite the similarities between ML and BL graphene, there are also significant differences between the two allotropes. ML graphene shows a linear band dispersion near the Fermi energy, and the valence and conduction bands touch at the K-point (the Dirac point), yielding the characteristic dispersion of relativistic massless Dirac electrons [9, 10] . For unbiased AB-BLG, on the other hand, the interlayer coupling produces a parabolic-like band structure around the Kpoint. These different features result in a vanishing of the density-of-states (DOS) at the Fermi energy for the MLG [10] , in contrast to a finite DOS evidenced in the AB-BLG.
Another characteristic feature of AB-BLG is the behaviour of the system when an electric field is applied normal to the layers. It has recently been shown that biased AB-BLG can form a Wigner crystal, due to the existence of different kinetic-energy dispersions at different electron densities [11] . The energy band gap can be tuned in proportion to the intensity of the applied bias [2] , and two distinct zero-temperature quantum phases at different electron densities can be formed [11, 12] .
For the AB-BLG system, the presence of significant SOC has been evidenced by topological-insulator behaviour with a finite spin Hall conductivity [13] . Moreover, it has also been shown that biased BLG may exhibit two topologically-distinct phases depending on the intensity of the Rashba spin-orbit coupling (RSOC) [14] . For weak coupling, the system exhibits a quantum-valley Hall state, which can then transition to a topological insulator in the presence of strong coupling effects. It is possible to transition between these two phases by tuning the applied electric field [14] . In the presence of strong RSOC, and for sufficiently short-range electron-electron interactions, the system minimises its energy by adopting broken-symmetry states (mostly those which break rotational symmetry) in the limit of low densities [15] . These instabilities occur due to the energy dispersion having a minimum in a region of momentum-space which is bounded by two concentric circles with finite radius (annuli) [16] . Moreover, distortions to the Fermi surface, resulting from a momentum-space change in the Fermi radius (a Pomeranchuk instability) can reduce the lattice symmetry and lead to spontaneous longitudinal currents [16] .
Another stacking arrangement of BL graphene, which coexists with the AB stacking, is the AA structure where the carbon atoms are positioned directly above each other in consecutive layers. The electronic properties differ from those of AB-BLG due to the the stacking arrangement. AA stacking has been experimentally observed in disordered or pregraphitic carbon, also known as turbostratic graphite, and can be distinguished from ML graphene by so-called tilting experiments [17, 18] . However, as the space groups of AA-BLG and MLG are the same (P 6/mmm), similarities between the two are difficult to predict.
Between the two stacking environments, the AB stacking is the most energeticallyfavourable form, and is separated from the AA stacking by a small energy barrier. Despite its instability, AA-BLG has started to receive significant attention. The AA configuration shows unusual electronic properties, with two degenerate electronic and hole bands crossing at the Fermi energy [19] . This electronic structure supports several electron and electron-phonon instabilities, which include, among others, a shear-shift instability [19] . It has further been observed that small perturbations can destabilize the degenerate spectrum and generate an excitonic gap [19, 20] . .
While the AB-BLG system is well studied both experimentally and theoretically, comparatively less attention has been given to the AA stacking. In the present work, we aim to provide more insight into the electronic and vibrational properties of biased AA-BLG, and to make a comparison to the AB-system, by employing first-principles simulation techniques.
We find that while the AB system presents variations on the electronic densities as a function of the applied bias, we observe that the AA system remains unaltered when an electric field is applied. SOC effects are also considerable for the biased ABsystem, with the band-gap presenting different scaling behaviours according to the field intensities. The phonon dispersions of the biased AB system shows instabilities of the out-of-plane acoustic and optic modes, when compared to the stability of these modes for the unbiased system. On the other hand, phonon dispersions of the AA system remain stable under bias, but the phonon spectrum exhibits a zone-center imaginary mode resulting form the shear-mode instability.
Theoretical Framework
We study the electronic structure of the two different stacking environments of the BLG system (crystal structure of AB-and AA-BLG presented in figure 1 ) using densityfunctional theory (DFT) with the Local-Density Approximation (LDA) functional. An external electric field is applied in the direction of the interlayer plane with variable magnitude. Lattice dynamics are performed within the harmonic approximation, which yields phonon frequencies and the constant-volume terms in the free energy from lattice vibrations.
Density Functional Theory
Electronic-structure calculations were performed within the pseudopotential planewave density-functional theory (DFT) framework, as implemented in the Vienna Abinitio Simulation Package (VASP) [21, 22, 23] code. The Ceperley and Alder form of the a) b) Figure 1 . Supercell of the AB-(space group P − 3m1, n o 164; a) and AA-BLG (space group P 6/mmm, n o 191; b) systems, where the black line shows the unit-cell. BLG consists of two coupled monolayers of carbon atoms, each with a honeycomb crystal structure. In order to satisfy the translational and symmetry properties of the Bravais lattice, the honeycomb lattice can be seen as two triangular sublattices, mathematically labelled as inequivalent A and B lattices, each of which contains two atoms in the unit cell within each C sheet, with atom [a 1 , a 2 ] ∈ A and [b 1 ,b 2 ] ∈ B for layer 1 and 2. The layers of the AB-BLG are arranged in such a way that one of the atoms from the lower-layer b 1 is directly below atom a 2 from the upper layer, and the remaining two atoms, a 1 and b 2 , are shifted from each other by a vector displacement [10] . For the AA-BLG, the carbon atoms are aligned in the consecutive layers, directly above/below each other (a 1 with a 2 and b 1 with b 2 ).
Local-Density Approximation (LDA) functional, parametrised by Perdew and Zunger [24] , was used in conjunction with projector augmented-wave (PAW) pseudopotentials [25, 26] . We selected the LDA functional because it is known to perform well at capturing the interlayer distance in graphite and multi-layer graphene allotropes, as well as the essential physics of the electronic structure, and also performs well for calculating interatomic force constants and phonon frequencies [27, 28] .
A plane-wave cut-off of 800 eV was applied in all calculations; although convergence of the electronic structure was attained at a lower cut-off of ∼ 600 eV, a higher value was chosen to improve the description of the structural parameters and forces, which is important for accurate lattice-dynamics calculations [29] . The Brillouin zone (BZ) was sampled with Γ-centred Monkhorst-Pack meshes [30] with 44×44×1 and 90×90×1 subdivisions for AA-and AB-BLG respectively. It was found necessary to employ the denser k-point mesh for the AA-BLG model due to differences in the DFT electronic band structure relative to the spectra expected from tight-binding theory (section Appendix A). The vacuum spacing between periodic images along the Z direction was set to 15Å for both configurations, and dipole corrections to the potential were applied to avoid interactions between periodic images.
Lattice-dynamics calculations were carried out using the Parlinski-Li-Kawazoe supercell finite-displacement method [31, 32] , which is implemented in the Phonopy [33, 34] package; a detailed description of the theoretical implementation can be found in Refs. [35, 29] ). The interatomic force constants were obtained by performing single-point force calculations on a series of symmetry-inequivalent displaced structures and fitting the resulting force/displacement curves to a harmonic function. VASP was used as the force calculator [32] and the calculations were performed on 4×4×1 supercells using a reduced k-point sampling mesh of 12×12×1 for both phases. For the calculations under bias, the electric field was applied during the force-constant calculations. To construct the phonon density of states, the phonon frequencies were sampled on an interpolated 48×48×1 q-point mesh.
A non-analytical correction (NAC) was applied when computing the phononband dispersion [36] to correct for long-range Coulomb interactions. The requisite Born effective-charges and static dielectric constant were computed using the density-functional perturbation theory (DFPT) routines implemented in VASP [37] . Convergence of these quantities required increasing the k-point mesh for the AB system up to 80×80×1, whereas for the AA system the 90×90×1 mesh was found to be sufficient.
A bias was applied in the calculations as an external electrostatic field in the Z direction and geometries were re-optimised with different intensities of the field. Born effective-charges and dielectric tensors were calculated by considering the field perturbations. For the lattice-dynamics calculations, the bias was also applied during the calculations of the force constants.
Results and Discussion
The lattice parameters obtained within the LDA are a 0 =2.42Å and c 0 =6.69Å for the AB system, and a 0 =2.45Å and c 0 =6.67Å for the AA system. The intra-layer distance (C-C bond lengths) are on the order of 1.41Å in both stacking environments, and the interlayer distance was calculated to be 3.35Å and 3.34Å for the AB and AA configurations, respectively. The parameters for AB-BLG are in agreement with those discussed in Ref. [38] , where the calculations were also performed with DFT-LDA (intra-layer distance of 1.41Å and interlayer distance of 3.31Å). The present interlayer parameters also compare well to experimental results, where for the Bernal graphite the value of 3.35Å [39] was observed. However, for the AA-BLG the present interlayer distance is found to be slightly lower than results found in literature: 3.59Å from DFT-LDA calculations [38] , and 3.55Å from experimental observations on the AA graphite structure [40] .
Electronic Spectrum from a Density-Functional and Tight-Binding Perspective
To study the electronic structure, we calculated the low-energy band dispersions using LDA-DFT with three intensities of applied electric field. The results are presented in figure 2. For the AB-BLG configuration (Figure 2.a) , when E = 0 eV/Å, a zerogap parabolic dispersion around the K-point is observed. The LDA-DFT electronic dispersion for the AB system shows similar features to the band-structure obtained from the tight-binding Hamiltonian ( figure A1, Appendix A) .
When a finite electric-field is applied perpendicular to the graphene layers in AB-BLG, the two layers are subject to inequivalent potentials. This effect breaks the inversion symmetry, resulting in the opening of a single-electron gap [2] at the K-point, which can be tuned up to mid-infrared energies (∼ 300 meV) [41] . A spontaneous translation symmetry breaking also occurs, resulting in a charge separation between the inequivalent sublattices with spatial in-plane charge inhomogeneities [42, 11] . Figure 3 plots the electron charge densities of AB-BLG in the vicinity of the Fermi energy, inspection of which reveals differences between the isosurfaces without (a) and with (b) a bias applied. In the unbiased system ( figure 3.a) , the charge densities show hexagonal symmetry, indicating homogeneous electron delocalisation between the sublattices. On the other hand, when an interlayer electric field is applied ( figure 3.b) , redistribution of electron densities leads to charge separation between the A and B sublattices, leading to in-plane charge inhomogeneities [11] .
The AA-stacking environment differs from the Bernal system by having a linear dispersion with two bands crossing each other at the Fermi energy [10] . Application of an external field does not alter the width of the band gap, and electronic structure remains qualitatively the same. This single-electron property seems to be quite stable to external bias both in the LDA calculations and also with a tight-binding Hamiltonian [10] .
These results are consistent with the electronic dispersion calculated with the tightbinding method (figure A1), although, as noted above, obtaining a fully-converged dispersion from the DFT calculations required very dense k-point sampling. This is because the band crossing does not occur at a high-symmetry k-point, and thus a dense mesh is required in order to include sufficient sampling around the feature to accurately represent the bands in the vicinity of the Fermi energy.
Under bias, the dispersion relations of the AB system show a "Mexican hat" structure [2, 43] . With increasing field intensity, the width of the gap increases and the radius of the hat feature widens, with the two minima getting progressively further apart from the K-point [2] . This behaviour is consistent with the results from Ref. [11] , which suggest that regions of the dispersion should exhibit different scaling behaviour as a function of momentum [11] . Moreover, controlling the magnitude of the gap through additional screening with a transverse electric field will afford control over the density of electrons [44] . Figure 4 .a shows the electronic band-structure when spin-orbit coupling (SOC) is included in the calculations.
In the present study, we find that the bulk gap decreases when SOC is turned on, and then increases gradually for increasing field intensities (Figure 4 .a) Under large filed intensities (∼0.4 eV/Å), the energy dispersion recovers the Mexican hat structure, since the instability occurring at the Fermi-surface competes with the SOC interaction; the energy interaction between the layers balances the coupling interaction.
Moreover, Ref. [14] reported that the gap vanished as the SOC parameter increases, and that on further increasing the coupling parameter it then reopens with a behaviour characteristic of a band inversion, thus suggesting a topological phase transition [14] . However, since the model employed in [14] is different from the computations carried out for the presented work, a direct comparison between the two sets of results is not straightforward. Figure 5 shows the constant-volume (Helmoltz) free energy of the AB and AA bilayer systems calculated without an applied bias. The energies are referenced to the lowest energy structure, which in the present calculations is the AB system. Our calculations indicate that the AA system is energetically unstable with respect to the AB phase up to approx. 800 K, above which the AA stacking becomes lower in energy.
Structural Instabilities of Bilayer Graphene -Lattice-Dynamics
The calculated in-plane phonon dispersion agrees well with the experimental measurements on graphite presented in [45] (Figure 6 ), apart from a small shift of the higher-frequency TO and LO modes. LDA calculations frequently overestimate the energies of higher-frequency phonons, but despite this difference the characteristic features of the phonon dispersion are well reproduced.
At low q-vectors, the in-plane transverse acoustic (TA) and longitudinal acoustic (LA) modes show linear dispersions. Moreover, while the doubly-degenerate LA mode has zero frequency at the Γ-point, the TA mode (also known as the shear-mode) has a non-zero frequency at the zone-center [46] (ν = 0.82 THz) (Figure 7) .
The ZA mode is the flexural acoustic mode, which corresponds to out-of-plane, inphase atomic displacements. In contrast to the TA and LA modes, the ZA branch shows a parabolic dispersion, i.e. ν ∼ q 2 , close to the Γ-point, indicating a low group velocity [47] and being a characteristic feature of layered materials [46, 47] . The existence of a flexural mode is also a signature of 2D systems, and in particular is a mode which Figure 5 . Relative free energy (Helmoltz) of the two graphene stacking environments, AB and AA, with no external electric-bias. The AB arrangement is calculated to be the most energetically-stable structure up to ∼800 K.
is typically found in graphene-like systems. Since the long-wave flexural mode has the lowest frequency, it is the easiest to excite [48] . At slightly higher frequencies, the out-of-plane ZO' mode ( Figure 7 ) can be observed, which corresponds to interlayer motion along the Z-axis (a layer-breathing mode). The other out-of-plane optic modes are characterised by the doubly degenerate ZO branch. At the Γ point, the interlayer coupling causes the LO and TO modes to split into two doubly-degenerate branches, both of which correspond to in-plane relative motion of atoms. With the exception of the ZA and ZO' modes, all the frequency branches have symmetry-imposed degeneracy at Γ (Figure 6 ). Figure 8 compares the phonon dispersions of the two stacking modes. Both stacking configurations have similar mode characters, although differences emerge at the zonecentre.
For the AA system, a small phonon instability is observed at the Γ-point, which is denoted by an imaginary mode (ν = i1.04 THz). This indicates that the AA-system is dynamically unstable, and prefers to adopt the AB-stacking configuration, in accordance with the free energies in Figure 5 . As expected, the imaginary mode is a TA branch, which corresponds to the shear displacement of the layers with respect to one another. The ZA mode also shows instabilities in the vicinity of the zone-center, but has zero frequency at Γ.
The ZO' breathing mode of AA-stacked bilayer graphene is located in a similar frequency range to the corresponding mode in AB graphene, at ν = 2.16 and ν = 2.25 THz, respectively. The biggest frequency differences are observed for the TO modes, which in the AB system occurs at higher frequency than in the AA configuration, with 0.72 THz of difference. This is partly because the LO/TO is larger in the AA than the AB system (0.57 and 0.18 THz, respectively). Table 1 presents a summary of the zone-centre frequencies for the two stacking configurations.
We note that the AA phonon dispersion does not correspond to that in [49] , where, in contrast to the present results, imaginary frequencies are not observed (with calculations carried out using the Born-von-Karman model of lattice dynamics for inplane atomic coupling and the Lennard-Jones potential for interlayer coupling [49] ).
The branches which originate from the out-of-plane modes at the Γ-point, i.e. ZA, ZO' and ZO, become degenerate at the K-point (Figure 8) ). The in-plane LO and LA phonon branches also meet at the K-point, giving rise to a doubly-degenerate phonon band. It is also noteworthy that the dispersions of the out-of-plane modes behave linearly around the K-point in AA-BLG, whereas those in AB-BLG show a parabolic-ZA ZO' TA Figure 7 .
Eigenvectores corresponding to the vibrations in AB-stacked bilayer graphene. ZA and ZO' correspond to the out-of-plane vibrations, while TA denotes the degenerate in-plane transverse-acoustic modes. like dispersion similar to that suggested in [49] . Features in the electronic spectra near the K-point in the two BLG systems are therefore also reflected in the phonon spectra (c.f. Figures 2 and 8 ).
Further lattice-dynamics calculations were carried out to investigate the effect of electric fields on the phonon dispersions ( Figure 9 ). Non-analytical corrections to the dynamical matrix at q → 0 were considered in all calculations. We find that the dispersion of the AA system is relatively insensitive to the applied external bias, and that for all applied fields the Γ-point instability persists.
In comparison, the low-frequency branches of the AB band-structure show a significant response to the field (Figure 9.a) . This effect results from the inclusion of non-analytical corrections; when these corrections are not included, the dispersions are relatively unaffected by the bias. The layer-breathing mode (ZO') displays a discontinuity at the Γ-point, with different frequencies for different directions of approach. Moreover, the flexural-acoustic (ZA) mode shows instabilities in the vicinity of the zone-centre, but continue to show zero frequency at the Γ-point. Since the longwave flexural mode has the lowest frequency, it is the easiest to excite [48] and is therefore more sensitive to the bias. At the K-point (Figure 9 , inset), as occurs for the electronic band-structure the degeneracy of the out-of-plane modes split, with the magnitude of the splitting depending on the size of the applied bias.
Conclusions
In summary, we have performed a detailed first-principles study of the effect of applied fields on the electronic structure and lattice dynamics of bilayer graphene.
Application of an external field to the AB-stacked bilayer graphene system leads to drastic changes in the electronic properties, leading to the opening of the gap and asymmetry in the dispersion. This in turn induces in-plane inhomogeneities in the charge distribution on the sublattices, and the Coulomb interaction between electrons will thus cause a potential difference between the layers. Our results therefore show that the electron density can be controlled by tuning the band-gap width and dispersion asymmetry. Harmonic phonon dispersions of the AB-(a) and AA-stacking (b) configurations of bilayer graphene under different applied bias. The right-hand panel in (a) shows the dispersion along the K-Γ segment. The AA system shows doublydegenerate imaginary modes at the zone-center, which is consistent with the alternative AB stacking being the most favourable arrangement. Non-analytical corrections have been applied to the dispersions of both systems. The ZA and ZO' modes on the AB-BLG change significantly under bias, whereas the applied field has comparatively little effect on the dispersion of the AA-BLG system. Electric fields are given in eV/Å. Spin-orbit coupling has a significant effect on the dispersion as short-range electronelectron correlations become important. The Mexican-hat structure disappears under low bias, and the energy gap decreases. At larger field strength, the asymmetry in the dispersion persists, since the energy scale set by the Fermi-surface instability is minimized.
On the other hand, the electronic structure of the AA system is relatively stable under bias.
As for its electronic structure, applied fields cause the phonon dispersions of the AB-stacked system to change significantly when non-analytical corrections for longrange Coulomb interactions are taken into account. These corrections mainly affect the lower-frequency out-of-plane ZA and ZO' modes. The phonon dispersion of the AA system shows degenerate imaginary modes at the Γ point, indicating the presence of a phonon instability. The dispersion of this stacking configuration is relatively insensitive to bias and does not change significantly in response to an applied field.
In order to obtain better consistency with available literature, we would need to go beyond LDA functional. The ground-state is likely to have additional broken-symmetry configurations, and the lifting of spin and valley degeneracies may depend on longrange fluctuations, effects which are not well captured by local DFT functionals. For example, in the literature it has been observed that the AA stacking configuration may be stabilised by an excitonic gap [19] . To study such effects, one would need to resort to the two-body Green function method (Bethe-Salpeter equation), a possibility which we are currently exploring. where ε 1 and ε 2 refer to the external and internal bands, respectively [2] . The bias-controlled gap will therefore result in:
For the AA-BLG, the calculations are similar, although the matrix takes the form:
and hence the eigenenergies will result in
